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A nonlinear time-domain extension of the classical linear frequency-domain thin-shell approach is presented. The interface
conditions are expressed in terms of the average magnetic flux density throughout the shell thickness and a number of higher-order
components. The method is elaborated in the frame of the magnetic vector potential formulation. The nonlinear system of algebraic
equations is solved by means of the Newton-Raphson scheme. To validate the new formulation, we consider a magnetic plate placed
above a double line carrying a sinusoidal current. Results are compared with those obtained with a fine finite-element model.
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I. INTRODUCTION
THE USE of magnetic shields for mitigating the strayfields generated by electric and electronic devices be-
comes more and more important in order to comply with
exposure limits and electromagnetic compatibility in particular
in industrial environment. The finite-element (FE) analysis
of these magnetic shielding problems involving thin shells
may be computationally expensive and suffer from meshing
difficulties due to the possibly large range of geometrical
dimensions (from mm to m) to handle.
These drawbacks can be overcome thanks to the thin-shell
approach as the latter allows to reduce the thin-shell volume
(thickness d) to an average surface situated halfway between
its boundaries. However, it is most often restricted to linear and
time-harmonic analyzes [1], [2], [3]. A nonlinear extension,
combining a fixed-point iterative technique and a 1-D FE
discretisation of the thin-shell surface, has been presented in
[4]. This method still relies on a time-harmonic expression of
the thin-shell boundary condition and obtains the time-domain
solution via an inverse fast Fourier transform.
In [5], the authors propose a pure time-domain approach
with the magnetic vector potential (a−)formulation based
on the use of dedicated even orthogonal polynomial basis
functions to account for the variation of the even part of the
magnetic flux and electric current density (linked, respectively,
to the odd part of the electric current and magnetic flux
density) through the shell thickness.
In this paper, the approach elaborated in [5] is extended
and adapted to the nonlinear case. Even and odd parts of
the magnetic flux density can no longer be uncoupled given
the nonlinear nature of the problem. Therefore, the complete
magnetic flux density is expanded using a set of both even
and odd orthogonal basis functions. By way of validation, the
thin-shell approach is applied to a 2-D problem: a magnetic
plate placed above a double line carrying a sinusoidal current.
Results are compared with those obtained with a fine finite-
element model.
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II. MAGNETODYNAMIC FORMULATION
Let us consider a magnetodynamic problem in a bounded
domain Ω = Ωc ∪ΩCc ∈ R3 with boundary Γ. The conductive
and non-conductive parts of Ω are denoted by Ωc and ΩCc ,
respectively. Source inductors constitute domain Ωi ⊂ ΩCc
(Fig. 1).
The Maxwell equations and constitutive laws governing the
low-frequency eddy-current problems are
curlh = j , div b = 0 , curl e = −∂t b , (1 a-c)
h = h(b) , j = σe , (1 d e)
where h is the magnetic field, b the magnetic flux density (or
induction), e the electric field, j the electric current density
and σ the conductivity (resistivity ρ = 1/σ).
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Fig. 1. Calculation domain Ω and reduction of the thin-shell domain Ωs to
the surface Γs
The a−formulation is obtained from the weak form of the
Ampe`re law (1 a):
(h(curl a), curl a′)Ω + (σ ∂ta, a′)Ωc + 〈n× h, a′〉Γ
= (ji, a′)Ωi , (2)
where a is the magnetic vector potential; n is the outward unit
normal vector on Γ; ji is a prescribed current density; (·, ·)Ω
and 〈·, ·〉Γ denote a volume integral in Ω and a surface integral
on Γ of the scalar product of their arguments.
The first step in the thin-shell approach consists in reducing
the thin-shell volume Ωs ⊂ Ωc (thickness d) to an average
surface Γs situated halfway between the inner surface Γ−s and
outer surface Γ+s of Ωs (outward normal ns), as depicted in
Fig. 1. The surface integral in (2) is then modified on the basis
of the 1-D thin-shell model described hereafter.
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III. 1-D THIN-SHELL MODEL
In the 1-D model of the shell, only the variation of the mag-
netic field h(z, t) and the magnetic induction b(z, t) tangential
to the boundary of the shell Γs is considered throughout the
shell thickness. We adopt a local coordinate system xyz with
the z−axis normal to the shell (i.e. parallel to ns) and z = 0
at its center. The tangential components of the magnetic field
h on Γ+s and Γ
−
s (both sides of the shell) are defined as:
h+t = ns×(h|+Γs × ns) , h−t = ns×(h|−Γs × ns) . (3 a b)
Analogously to (3), hereafter ft denotes the tangential com-
ponent of a field f on a surface Γ with normal n.
A. Governing differential equation
The 1-D eddy-current problem in the shell (−d/2 ≤ z ≤
d/2) is governed by the following partial differential equation:
∂2zht(z, t) = σ ∂tbt(z, t) , (4)
with nonlinear constitutive law h = h(b).
The associated boundary conditions on the upper (+) and
lower (−) surfaces of the shell are given by
h+t (t) = ht(d/2, t) , h
−
t (t) = ht(−d/2, t) . (5 a b)
The average flux density vector b0(t) and the average
current density vector j0(t), tangential to Γs, are essential
global quantities. They read:
b0(t) =
1
d
d/2∫
−d/2
bt(z, t) dz , j0(t) =
1
d
d/2∫
−d/2
jt(z, t) dz . (6 a b)
Further, taking into account (5) and the Ampe`re law (1 a),
we have:
h+t − h−t = −ns × d j0(t) . (7)
B. Linear harmonic case
In the linear isotropic case, the constitutive law is h = ν b,
with ν the constant scalar reluctivity (permeability µ = 1/ν).
For a sinusoidal time variation at pulsation ω, we define the
relative shell thickness as d/δ, with δ = 1/
√
2/σµω the
penetration depth.
Under these assumptions (4) can be solved analytically,
which leads to an expression in terms of the complex rep-
resentation (symbols in bold) of h+t (t), h
−
t (t) and b0(t) [1]:
h+t + h
−
t = 2 ν Y (d/δ) b0 , (8)
with
Y (d/δ) =
1 + ı
2
d/δ cotanh
(
1 + ı
2
d/δ
)
, (9)
where ı is the imaginary unit. At low frequency, 0 < d/δ  1,
Y tends towards 1; at sufficiently high frequency, say d/δ > 6,
Y is practically equal to 1+ı2 d/δ.
The well-known FE frequency-domain approach includes
the 1-D thin-shell model in a 2-D and 3-D analysis via the
tangential fields h+t , h
−
t and (8) as done in [1], [2], [3].
C. Nonlinear time-domain extension
We now develop a time-domain extension of (8) by consid-
ering n + 1 polynomial basis functions for the expansion of
bt(z, t). In [5], the authors present a time-domain approxima-
tion of (8) based on an expansion of the even part of bt(z, t)
with even orthogonal polynomial basis functions. The odd part
of bt(z, t) is accounted for via the same kind of expansion for
the even component of jt(z, t).
In this paper, the complete tangential induction bt(z, t) is
expanded in terms of a set of orthogonal Legendre polynomials
αk(z), i.e. ,
bt(z, t) =
∑n
k=0
αk(z) bk(t) , (10)
where α0 = 1, α1 = 2 z/d, α2 = 6 z2/d2 − 1/2, α3 =
20 z3/d3 − 3 z/d, · · · are normalized to verify |αk(±d/2)| =
1, i.e. , their modulus equals one on either surface of the shell.
Strongly satisfying (4), the magnetic field ht(z, t) can thus
be written as
ht(z, t) =
h+t (t) + h
−
t (t)
2
+
h+t (t)− h−t (t)
d
z
+σd2
∑n
k=0
βk(z) ∂tbk(t) , (11)
where d2 ∂2z βk = αk(z) and βk(±d/2) = 0 .
Next, when considering a finite number of basis functions,
the constitutive law h(z, t) = h(b(z, t)), whether linear or not,
can be weakly impose as:∫ d/2
−d/2
αk(z)
(
ht(z, t)− h(bt(z, t))
)
dz = 0 , (12)
which leads to n + 1 differential equations (k = 0, . . . , n) in
terms of b0(t), . . . , bn(t), h+t (t) and h
−
t (t).
For the linear case, the following system of linear differen-
tial equations is obtained:
[H(t)] = ν [P ] [B(t)] + σd2 [Q] ∂t[B(t)] , (13)
with [H(t)] =
[
h+t +h
−
t
2
h+t −h−t
6 0 · · · 0
]T
and [B(t)] =
[b0(t) b1(t) · · · bn(t)]T . The elements pk and qkl (k, l =
0, . . . , n) of the diagonal matrix [P ] and triangular matrix [Q]
are given by:
pk=
∫ d/2
−d/2
αk(z)αk(z) dz , qk,l=
∫ d/2
−d/2
αk(z)βl(z) dz .
(14)
For example, with n = 1, these values are p0 = 1, p1 = 1/3,
q00 = 1/12, q01 = q10 = 0 and q11 = 1/60.
In the nonlinear case, the system of algebraic equations (13)
becomes
[H(t)] =
∫ d/2
−d/2
h(bt(t)) [A(z)] dz + σd2 [Q] ∂t[B(t)] , (15)
with [A(z)] = [α0 · · ·αn]T and bt given by the expansion
(10). The nonlinear algebraic equations that result from the
time discretization of (15) can be solved by means of the
Newton-Raphson method. With given h+t (t) and h
−
t (t), the
Jacobian matrix reads
θ
d
∫ d/2
−d/2
dh
db
[Λ] dz +
σd2
∆t
[Q] , (16)
where dhdb is the differential reluctivity. The elements of matrix
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[Λ] are the product of the basis functions αk, i.e. λk,l = αkαl
(k, l = 0, . . . , n). The integration in the interval [−d/2, d/2]
can be done numerically by means of, e.g. , the 10-point Gauss
scheme for the case n = 3 [6].
IV. FE IMPLEMENTATION
In the thin-shell formulation, the thin-shell volume Ωs is
excluded from the original calculation domain Ω. Further,
the surface Γs with outward normal ns and situated halfway
between the inner surface Γ−s and outer surface Γ
+
s of Ωs is
added to the new domain Ω\Ωs (Fig. 1). In order to account
for the changes in these domains, the surface integral term in
(2) is modified. We consider that surfaces Γ−s and Γ
+
s have
slightly moved so that they coincide with the average surface
Γs. For the sake of simplicity, we abuse notation and keep on
referring to them with the same names. The new weak form
reads:
(h(curl a), curl a′)Ω\Ωs + (σ ∂ta, a
′)Ωc + 〈n× h, a′〉Γ
+〈ns × h, a′〉Γ−s − 〈ns × h, a′〉Γ+s = (ji, a′)Ωi . (17)
The time-domain behavior of the thin shell is taken into ac-
count by introducing the tangential vector fields b0, b1, · · · bn
on Γs as unknowns.
The tangential component of the magnetic vector potential
at is discontinuous across Γs and is related to the net flux d b0
in the shell as
a+t − a−t = −ns × d b0(t) . (18)
We therefore decompose a as ac + ad, the tangential compo-
nents of ac and ad being continuous and discontinuous across
the shell, respectively.
For ac a conventional discretization with Whitney elements
is adopted. Without loss of generality we can choose ad to be
zero in the volume enclosed by Γs. Furthermore, conformity
can be ensured by limiting its support to one layer of elements
touching Γ+s [3]. By considering a
− = ac and ad = −ns ×
d b0 together with (7), we can work out the two new surface
terms in (2). They are given by
〈ns × h, a′〉Γ−s − 〈ns × h, a′〉Γ+s
= −〈ns × h+t , a′c〉Γs − 〈ns × h+t , a′d〉Γs + 〈ns × h−t , a′c〉Γs
= d〈h+t , b′0〉Γs − d〈j0, a′c〉Γs , (19)
where j0 (6 b) is obtained from (1 a) and (11).
In the linear case, using the first two lines of system (13)
we get an expression for h+t and h
−
t in terms of b0, b1, b2 and
b3 (assuming n ≥ 2), i.e.
h±t = ν b0 + σd
2(q00∂tb0 + q02∂tb2)
± 3 ν b1 ± 3σd2(q01∂tb1 + q03∂tb3) . (20)
The weak form (17) is thus coupled with the time-domain
thin-shell approximation via ac, ad in Ω\Ωs and b0, b1, b2
and b3 on Γs.
Next, from (7) and applying the Ampe`re law (1 a) to
(11), we get the second condition concerning the tangential
components ac,t and ad,t of ac and ad. We have:
−σ∂t(2ac,t+ad,t)/2 = 2
d
νb1+σd
(1
5
∂tb1− 170 ∂tb3
)
, (21)
which we can weakly imposed on Γs with test functions b′1
and b′3.
The remaining equations of system (13) result in the fol-
lowing weak forms with test functions b′l (l = 2, 3, · · · , n):
0 = 〈ν pl bl, b′l〉Γs +
∑
i=−2,0,2
〈σd2 ql,l+i ∂tbl+i, b′l〉Γs . (22)
In the nonlinear case, the local vectors ht and bt in the
thin shell are linked through the nonlinear relation h = h(b).
The nonlinearity affects thus only the terms ν b0, ν b1, ν bl in
(20), (21) and (22). The Jacobian matrix (16) holds also for
these terms, what allows to apply the Newton-Raphson method
to solve the system of nonlinear algebraic equations obtained
after space and time discretization of (17) and (15).
V. APPLICATION EXAMPLE
The proposed thin-shell approach is validated by means of
a 2D application example, and up to n = 5. We consider a
magnetic and conducting thin plate (length 1 m, d = 1 mm,
σ = 11.11 MS/m) placed 10 cm above a double line carrying
a sinusoidal current of 5250 A rms (the distance between the
conductors is 30 cm), see Fig. 2. A nonlinear BH−relation is
considered for the thin shell, viz h(b) = 100 b + 10 b e1.8b
2
with h in A/m and b in T.
Fig. 2. Magnetic and conducting plate placed above a double line and flux
lines at d/δ = 2
A brute-force FE model with a fine discretization of the
thin-shell (number of layers of elements equals 3 max(d/δ, 1))
provides a reference solution, δ being the penetration depth
for a linear material (µr = 1000 corresponding to b = 1.5 T).
Results inside and outside the plate are compared.
Time-stepping simulations with imposed sinusoidal current
of same amplitude but three different frequencies are carried
out, namely f = 11.8 kHz (d/δ = 1), f = 189.75 kHz (d/δ =
2) and f = 961.53 kHz (d/δ = 3). One period T = 1/f and a
half [0, 3T/2] is time-stepped with ∆t = T/120. The system
of nonlinear algebraic equations is solved by means of the
Newton-Raphson method.
The variation of the flux throughout the thickness of the
shell at 25 cm of its center is evidenced in Fig. 3 with d/δ = 1
and for two different time-steps. The approximation improves
clearly with n, though more terms bn are needed for increasing
the precision inside the plate. As shown in Figs. 5 and 6, the
estimation is sufficient for ensuring a good accuracy of the
average flux in the plate and the flux outside the plate.
The average magnetic flux in the plate is shown in Fig. 4.
An excellent agreement is observed between flux waveforms
obtained with the fine model and the thin-shell model for
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magnetic flux density (T)
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Fig. 3. Variation of the induction throughout the thickness of the shell at
25 cm of its center with d/δ = 1 obtained with the fine model and the thin-
shell approach
d/δ = 1, 2, 3. The higher the ratio d/δ, the higher the number
of additional terms in the expansion of bt required. One clearly
observes the saturation and the effect of the eddy currents.
Results for a point situated at 0.125 m above the center of
the plate are depicted in Figs. 5 and 6. The agreement between
the curves is very satisfactory for the given n. The solution
obtained with the thin-shell approach converges quickly to the
reference solution when increasing n, as evidenced in Fig. 6.
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Fig. 4. Average magnetic flux density in the plate versus time with d/δ =
1, 2, 3. Results computed with the fine model and the thin-shell approach.
Value of n ensuring a good agreement
VI. CONCLUSIONS
A new nonlinear time-domain finite-element method for
the analysis of thin-shells has been elaborated. The proposed
method is based on the coupling of a nonlinear time-domain
1-D thin-shell model with a magnetic vector potential formu-
lation via the surface integral term. A number of additional
unknowns for the magnetic flux density are incorporated on
the shell boundary. The nonlinear system is solved by means
of the Newton-Raphson scheme.
A clear advantage of the proposed thin-shell approach is
that the mesh of the computation domain does not depend
on the working frequency anymore. Furthermore, for a given
accuracy, when increasing the frequency, the number of ad-
ditional unknowns is very limited in comparison with those
required by a classical FE model, what is specially interesting
in cumbersome 3-D problems. It provides a good compromise
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Fig. 5. Magnetic flux density in a point situated at 0.125 m above the center
of the plate versus time with d/δ = 1, 2, 3. Results computed with the fine
model and the thin-shell approach. Value of n ensuring a good agreement
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Fig. 6. Magnetic flux density in a point situated at 0.125 m above the center
of the plate versus time with d/δ = 2. Results computed with the fine model
and the thin-shell approach (n = 1, 3, 5)
between computational cost and accuracy. Indeed, adding a
sufficiently large number of induction components in the thin
shell, a very high accuracy can be achieved.
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